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Abstract. Microtubules are biological protein polymers with critical and diverse
functions. Their structures share some similarities with photosynthetic antenna
complexes, particularly in the ordered arrangement of photoactive molecules with
large transition dipole moments. As the role of photoexcitations in microtubules
remains an open question, here we analyze tryptophan molecules, the amino acid
building block of microtubules with the largest transition dipole strength. By taking
their positions and dipole orientations from realistic models capable of reproducing
tubulin experimental spectra, and using a Hamiltonian widely employed in quantum
optics to describe light-matter interactions, we show that such molecules arranged
in their native microtubule configuration exhibit a superradiant ground state, which
represents an excitation fully extended on the chromophore lattice. We also show that
such a superradiant ground state emerges due to supertransfer coupling between the
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ground states of smaller blocks of the microtubule. In the dynamics we find that the
spreading of excitation is ballistic in the absence of external sources of disorder and
strongly dependent on initial conditions. The velocity of photoexcitation spreading
is shown to be enhanced by the supertransfer effect with respect to the velocity one
would expect from the strength of the nearest-neighbor coupling between tryptophan
molecules in the microtubule. Finally, such structures are shown to have an enhanced
robustness to static disorder when compared to geometries that include only short-
range interactions. These cooperative effects (superradiance and supertransfer) may
induce ultra-efficient photoexcitation absorption and could enhance excitonic energy
transfer in microtubules over long distances under physiological conditions.
PACS numbers: 71.35.-y, 87.16.Ka, 05.60.Gg, 87.15.bk, 87.15.hj
Keywords : quantum biology; quantum transport in disordered systems; open quantum
systems; energy transfer.
1. Introduction
Since the discovery of coherent wave behavior stimulating excitonic transport in natural
photosynthetic systems under ambient conditions [1, 2], ample motivation has arisen to
investigate the relevance of quantum mechanical behavior in diverse biological networks
of photoactive molecules. For instance, in photosynthetic systems, great attention
has been devoted to the antenna complexes. Such complexes are made of a network
of chlorophyll molecules (photoactive in the visible range), which are able to absorb
sunlight and transport the excitation to a specific molecular aggregate (the reaction
center). The reaction center is where charge separation occurs, in order to trigger the
ensuing steps required for carbon fixation [3].
Some of the dominant coherent effects which are thought to be responsible for the
high efficiency of natural photosynthetic complexes are induced by the delocalization
of the excitation over many molecules. Such delocalized excitonic states can lead to
cooperative effects, such as superabsorption and supertransfer [3, 4], and they can be
useful in both natural and engineered light-harvesting complexes [5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20]. Specifically, delocalized excitonic states can have a
much larger dipole strength than that of the constituent chromophores, and such giant
transient dipoles [21, 22, 23] can strongly couple to the electromagnetic field. Thus, these
states are able to superabsorb light, i.e., they are able to absorb light at a rate which is
much larger than the single-molecule absorbing rate [23]. Indeed, the absorption rate of
delocalized excitonic states can increase with the number of molecules over which the
excitation is delocalized [22, 23]. Supertransfer is described in a similar way, with respect
to movement of the excitation to an external molecular aggregate or between different
parts of the same system [4]. Specifically, an excitonic state delocalized on N molecules
of one molecular aggregate can couple with an excitonic state delocalized onM molecules
of a second aggregate with a coupling amplitude which is
√
NM times larger than the
coupling amplitude between single molecules belonging to different aggregates. Such
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supertransfer coupling is able to enhance the velocity of spreading of photoexcitations,
and it has been shown to have an important role in natural photosynthetic systems [24].
The role of coherent energy transfer has been investigated not only in
photosynthetic complexes but also in other important biomolecular polymers, such
as in cytoskeletal microtubules [25, 26] and in DNA [27]. In this paper we will
focus on the role of photoexcitations in microtubules, which are essential biomolecular
structures that have multiple roles in the functionality of cells. Indeed, microtubules
are present in every eukaryotic cell to provide structural integrity to the cytoskeletal
matrix, and they are thought to be involved in many other cellular functions, including
motor trafficking, cellular transport, mitotic division, and cellular signaling in neurons.
Interestingly, microtubules share some structural similarities with photosynthetic
antenna complexes, such as the cylindrical arrangement of chlorophyll molecules in
phycobilisome antennas [28] or in green sulphur bacteria [29], where cylinders made of
more than 105 chlorophyll molecules can efficiently harvest sunlight for energy storage
in the form of sugar. Note that while chlorophyll molecules are active in the visible
range of electromagnetic radiation, microtubules possess an architecture of chromophoric
molecules (i.e., aromatic amino acids like tryptophan) which are photoactive in the
ultraviolet (UV) range.
It remains an open question whether microtubules have any role in transporting
cellular photoexcitations. Intriguingly, several groups have studied and experimentally
confirmed the presence of very weak endogenous photon emissions within the cell across
the UV, visible, and IR spectra [30, 31, 32, 33, 34]. It has also been suggested that
microtubules may play a role in cellular orientation and “vision” via the centrosome
complex [35], and very recently two of us have proposed neuronal signaling pathways in
microtubules via coherent excitonic transport [26].
Each mammalian microtubule is composed of 13 protofilaments, which form a
helical-cylindrical arrangement of tubulin subunit protein dimers, as in Fig. (1). The
tubulin subunit proteins possess a unique network of chromophores, namely different
amino acids, which can form excited-state transition dipoles in the presence of photons.
The geometry and dipole moments of these amino acids, which are termed aromatic
owing to their largely delocalized pi electrons, are similar to those of photosynthetic
constituents, indicating that tubulin may support coherent energy transfer. As with
chlorophyll molecules, it is possible to associate to each aromatic amino acid a transition
dipole that determines its coupling to other molecules and with the electromagnetic field.
The main question we address in this paper is whether the arrangement of
photoactive molecules in the microtubule structure can support extended excitonic
states with a giant dipole strength, at least in the absence of environmental disorder.
Such extended states, if robust to noise, can also support efficient transport of
photoexcitations, which could have a biological role in microtubule signaling between
cells and across the brain [26]. To answer this question, we consider first a quantum
description of the network of tryptophan molecules, which are the greatest contributor
to photoabsorption in microtubules in the UV range. Indeed, tryptophan is the aromatic
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a) b)
Figure 1.
Panel a): Tubulin dimer and microtubule segment. Left: Solvent-excluded tubulin
heterodimer surface with α-tubulin monomer in light grey, and β-tubulin monomer
in dark grey (scale bar ∼5 nm). Right: Section of microtubule B-lattice structure at
three angles showing left-handed helical symmetry and protofilament (bottom, outlined
in black box) (scale bar ∼25 nm). In microtubules, tubulin dimers stack end-to-end
to form the protofilaments, 13 of which join side-by-side with longitudinal offset and
wrap around to form a tube with such helical symmetry. Panel b): Arrangement of
tryptophan amino acids in microtubule segment at three angles with transition dipole
directions. Left: A single spiral of tubulin dimers (light grey α-tubulin, dark grey
β-tubulin) from microtubule structure showing tryptophan amino acids (blue sticks)
and transition dipole directions (red arrows). Right: Tryptophan amino acids and
transition dipole directions only (scale bar ∼25 nm).
amino acid with the largest transition dipole (6.0 debye), comparable with that of
chlorophyll molecules. We proceed by modelling these tryptophans as two-level systems,
as is usually done in photosynthetic antenna complexes. This is, to our knowledge, the
first analysis of excitonic states distributed across tryptophan chromophore lattices in
large-scale, realistic models of microtubules.
The interaction between the transition dipoles of the photoactive molecules is in
general very complicated, with the common coupling to the electromagnetic field more
nuanced than simple dipole-dipole interactions, which are an effective description of a
chromophoric network only in the small-size limit (where the system size is much smaller
then the wavelength) [36]. However, for large aggregates one needs to go beyond the
simple dipole-dipole interactions used in small aggregates. Here we consider an effective
non-Hermitian Hamiltonian interaction commonly used in the literature to study the
coupling in molecular aggregates [22]. This non-Hermitian description also allows the
possibilities of donating the excitation back to the electromagnetic field through photon
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emission or of transferring excitation coherently between chromophores. Moreover, in
the small-system-size limit it reduces to a dipole-dipole interaction.
The imaginary part of the complex eigenvalues E = E − iΓ/2 of such a non-
Hermitian Hamiltonian determines the strength of the coupling of the excitonic states
with the electromagnetic field and is connected with the dipole strength of the
eigenstates of the system. While the coupling of a single aromatic molecule can be
characterized by its decay rate γ, Γ determines the coupling of extended excitonic states
with the electromagnetic field. Superradiant states are characterized by Γ > γ, while
subradiant states are characterized by Γ < γ. Most importantly, for superradiant states,
Γ should be proportional to the number of chromophores N , for L ≤ λ, where L is the
system length and λ is the wavelength of the aromatic molecule optical transition, and
begins to saturate for L > λ. Note that ~/Γ is the lifetime of the excitonic eigenstate,
so that larger values of Γ govern faster excitation decays. Since the process is symmetric
under time reversal, fast decaying states are also fast absorbing states. The advantage
of this formalism, with respect to the simple dipole-dipole interaction commonly used
in the literature, is that it allows us to consider system sizes that are even larger than
the wavelength of the absorbed light. This property becomes particularly important
for large biopolymeric structures like microtubules whose length is generally several
orders of magnitude larger than the wavelength associated with the molecular transitions
(λ = 280 nm). Here we consider microtube lengths up to ∼ 3λ.
We use data on the positions, dipole orientations, and excitation energies of
tryptophan molecules, which have been obtained by molecular dynamics simulations
and quantum chemistry calculations [25, 26]. These data have been shown to reproduce
well the absorption, circular dichroism, and linear dichroism spectra of single tubulin
dimers [25, 26].
Our analysis shows that as the number of tubulin subunits considered grows,
a superradiant state forms in the excitonic ground state of the system. This is
exactly what happens in many photosynthetic antenna complexes, such as in green
sulfur bacteria cylindrical antennas [19, 20, 37] and in self-assembled molecular
nanotubes [38, 39, 41, 42, 43, 44]. Superradiant states favor the absorption of photons by
the microtubule. Moreover, since the superradiant ground state represents an extended
(delocalized) excitonic state of the order of the microtubule length, such superradiant
ground states could serve as a support for efficient transport of photoexcitation.
In the next section we develop the mathematical machinery for our physical
model, using an effective Hamiltonian that has been widely used to describe a single
photoexcitation interacting within a network of transient dipoles. In Section 3 we display
several results demonstrating the existence of a superradiant excitonic ground state
extended over more than 104 tryptophan molecules of the microtubule. We also show
that the superradiant ground state emerges from the supertransfer coupling between
the superradiant ground states of smaller segments inside the microtubule. Section 4
shows initial studies of the exciton dynamics, showing that cooperativity can enhance
the coupling between different parts of the microtubule through supertransfer. Section 5
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demonstrates the robustness of the superradiant ground state to disorder, and we close
in Section 6 with some conclusions and our future outlook.
2. The model
Microtubules are cylindrical-helical structures made of essentially two closely related
proteins, α- and β-tubulin. They are arranged as in Fig. (1a) to form a left-handed
helical tube of protofilament strands. In each α − β dimer there are many aromatic
molecules: eight tryptophans (Trps) whose transition dipoles are arranged as in Fig. (1b)
(see Appendix A for complete description). Their peak excitation energy is ∼ 280nm,
and the magnitude of their dipole moment is 6.0 debye. There also exist other aromatics,
including tyrosine, phenylalanine, and histidine, with much smaller dipole moments. For
example, tyrosine (the molecule with the second largest dipole) has a dipole moment
of only 1.2 debye. For the purposes of this initial analysis, we limit our attention to
the Trps only because of their relatively large transition dipoles. The position and
orientation of the dipole moments of Trp molecules have been obtained from molecular
dynamics and quantum chemistry calculations, and they reproduce closely the linear
and circular dichroism spectra of tubulin for the Trp-only case [25, 26].
The interaction of a network of dipoles with the electromagnetic field is well
described by the effective Hamiltonian [22, 45, 46]
Heff = H0 + ∆− i
2
Γ , (1)
where H0 represents the sum of the excitation energies of each molecule, and ∆ and
Γ represent the coupling between the molecules induced by the interaction with the
electromagnetic field. Note that such an effective Hamiltonian has been widely used to
model light-matter interactions in the approximation of a single excitation. The site
energies are all identical, so that we have
H0 =
N∑
n=1
~ω0 |n〉 〈n| . (2)
The wavenumber associated with each site energy is k0 := ω0nr/c, where c is the speed
of light and nr =
√
µrr is the refractive index. Most natural materials are non-magnetic
at optical frequencies (relative permeability µr ≈ 1) so we can assume that nr ∼ √r.
The real and imaginary parts of the intermolecular coupling are given on the diagonal,
respectively, by
∆nn = 0 , Γnn =
4
3
µ2
r
k30 =: γ , (3)
with µ = |~µ| being the magnitude of the transition dipole of a single tryptophan and r
being the relative permittivity, and on the off-diagonal, respectively, by
∆nm =
3γ
4
[(
−cos(k0rnm)
(k0rnm)
+
sin(k0rnm)
(k0rnm)2
+
cos(k0rnm)
(k0rnm)3
)
µˆn · µˆm+
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−
(
−cos(k0rnm)
(k0rnm)
+ 3
sin(k0rnm)
(k0rnm)2
+ 3
cos(k0rnm)
(k0rnm)3
)
(µˆn · rˆnm) (µˆm · rˆnm)
]
, (4)
Γnm =
3γ
2
[(
sin(k0rnm)
(k0rnm)
+
cos(k0rnm)
(k0rnm)2
− sin(k0rnm)
(k0rnm)3
)
µˆn · µˆm+
−
(
sin(k0rnm)
(k0rnm)
+ 3
cos(k0rnm)
(k0rnm)2
− 3sin(k0rnm)
(k0rnm)3
)
(µˆn · rˆnm) (µˆm · rˆnm)
]
, (5)
where µˆn := ~µn/µ is the unit dipole moment of the nth site and rˆnm := ~rnm/rnm
is the unit vector joining the nth and the mth sites. In the following we assume
r = 1 = nr, corresponding to their values in vacuum/air. The actual dielectric
constant and refractive index of tubulin is currently debated [26, 34], but using the
tubulin dielectric instead of air would increase the imaginary part of the coupling by√
2 ≤ √r ≤
√
8.41, depending on the value chosen, which would proportionally decrease
the lifetimes of the excitonic eigenstates. The real part of the off-diagonal coupling would
also be increased by the same factor, augmenting the dipole strength of the excitonic
state.
The eigenvalues of this Hamiltonian are complex, endowing the eigenstates with
a finite lifetime due to their coupling to the external environment. The imaginary
part of an eigenvalue is directly linked to the decay rate Γ of the eigenstate. Thus
for each eigenmode of the system, Γ represents its coupling to the electromagnetic
field. For Γ > γ we have excitonic states which are coupled to the field more strongly
than the single constituent molecule, representing superradiant states. On the other
hand, the states for which Γ < γ are subradiant. Since the sum of all the widths of
the excitonic states of a system must be equal to Nγ, where N is the total number
of chromophores, superradiant states are always found in conjunction with subradiant
states. Note that in a large ensemble of molecules, a certain degree of symmetry is needed
to manifest superradiant and subradiant states [36]. In fact, a disordered network of
dipoles suppresses superradiance, as we show below.
The non-Hermitian character of the Hamiltonian in Eq. (1) is due to the fact that
the ensemble of photoactive molecules is not a closed system, since it interacts with
the continuum of the electromagnetic field where the excitation can be radiatively
lost. The analysis of open quantum systems within the framework of non-Hermitian
Hamitonians is well-developed [5, 6, 47, 48] and used in the field of quantum optics with
applications to photosynthetic complexes [22]. In this framework, the eigenstates of the
non-Hermitian Hamiltonian represent the projection on the single excitation manifold
of the true eigenstates of the molecular aggregate including also the photon degrees of
freedom. So, if we indicate as |E〉 the eigenstate of the non-Hermitian Hamiltonian,
P (k) =
|〈k|E〉|2∑
k |〈k|E〉|2
(6)
represents the conditional probability to find the excitation on site k given that the
excitation is in the system and not in the photon field. The time evolution of an initial
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state |ψ0〉 can be computed as
|ψ(t)〉 = e−iHeff t/~|ψ0〉,
and |ψ(t)〉 represents the projection on the single excitation manifold of the molecular
aggregate full wave function (including also the photon field degrees of freedom) at time
t. In order to compute such time evolution one has to consider that right |ER〉 and
left |EL〉 eigenstates for a symmetric non-Hermitian Hamiltonian are the transpose of
each other and not the Hermitian conjugate of each other. Moreover they represent
a complete bi-orthogonal basis set: 〈ELl |ERm〉 = δlm, which implies that the right
eigenvectors are normalized such that
∑
k(〈k|ER〉)2 = 1. Given an initial state |ψ0〉,
its decomposition reads: |ψ0〉 =
∑
k〈ELk |ψ0〉|ERk 〉. Note that from such a decomposition
we can easily compute the time evolution of any initial state. We will make use of the
above considerations in the following sections.
The parameters considered in our analysis are [25, 26]:
• e0 = 280 nm = 35716.65 cm−1 as the Trp excitation energy,
• k0 = 2pie0 × 10−8 = 2.24× 10−3 A˚−1 as the angular wavenumber,
• µ = 6 D as the strength of the transition dipole between the ground state and the
first excited state, with µ2 ≈ 181224 A˚3 cm−1 (for the conversion, see [49]),
• γ = 4µ2k30/3 = 2.73× 10−3 cm−1, where γ/~ is the radiative decay rate of a single
Trp molecule, corresponding to the radiative lifetime τγ ≈ 1.9 ns (for the conversion,
see [50]), and
• ns=104 as the number of dipoles per microtubule spiral.
It should be noted that for small systems (k0rij  1) the coupling terms in the
Hamiltonian (1) become
Γij ' γµˆi · µˆj ,
∆ij ' ~µi · ~µj − 3(~µi · rˆij)(~µj · rˆij)
r3ij
.
(7)
Here we have neglected terms that go as 1/rij because they are dominated by 1/r
3
ij
contributions. In this limit, the real part ∆ij represents a dipole-dipole interaction
energy with µ = |~µj| and the radiative decay width γ = 43µ2k30. Recall that the usual
dipole-dipole coupling which is used to describe the interactions between the transition
dipoles of photoactive molecules cannot be used in our case, since this approximation
is valid only when the size of the system L is much smaller then the wavelength λ
associated with the transient dipole. In our analysis we consider microtubule lengths
which are larger than λ. Thus in our case it is mandatory to go beyond the dipole-dipole
approximation (see discussion in Appendix B).
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Figure 2.
Panels a,b,c,e,f: Normalized decay widths Γ/γ of the excitonic eigenstates are plotted
vs. their energies for microtubule segments of different lengths (number of spirals).
Note that each spiral contains 104 tryptophan molecules and extends about 9 nm in the
longitudinal direction. In panel c) the maximum length of the microtubule segments
considered in this paper is shown, comprised of 100 spirals and 10400 tryptophan
molecules. In panel e) a microtubule of the same length (100 spirals) is shown; the
positions of the tryptophans are the same as in panel c), but the orientations of their
dipoles are randomized. In panel f) a microtubule of 100 spirals is shown; the positions
of the tryptophans are the same as in panel c), but the orientations of their dipoles
are randomized in only one spiral and then repeated in all the other spirals. Finally
in panel d) the location in the energy spectrum of the superradiant state is shown as
a function of the number of spirals. The superradiant state coincides with the ground
state (state 1) for all microtubule segments of length > 12 spirals.
3. Superradiance in the ground state
We have diagonalized the full radiative Hamiltonian given in Eq. (1) for microtubule
segments of different sizes, up to a microtubule more than 800 nm long and comprised
of 100 spirals, including a total of 10400 Trp molecules, so that L/λ ≈ 3. For each
eigenstate and complex eigenvalue Ek = Ek− iΓk/2, we plot the decay width Γk of each
state normalized to the single dipole decay width γ = 2.73× 10−3 cm−1.
In Fig. (2) we show how cooperativity (superradiance) emerges as we increase
the number of spirals in the microtubule segment (where each spiral contains 104 Trp
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Figure 3.
The maximum normalized decay width of the microtubule Γmax/γ is shown as a
function of the microtubule length L rescaled by the wavelength of the light that
excites the atoms, λ = 280 nm.
molecules). For one spiral (Fig. (2a)), there is a very disordered distribution of the
decay widths, but as we increase the number of spirals a superradiant ground state
clearly emerges with a decay width Γk > γ that increases as we increase the length of the
microtubule segment. In Fig. (2c) the normalized decay widths Γ/γ vs. energies of the
eigenstates of the microtubule comprised of 100 spirals are shown. As one can see, most
of the decay width is concentrated in the ground state. The lowest-energy (ground)
superradiant state in Fig. (2c) corresponds to ∼ 600 times the single-molecule decay
rate. In Fig. (2d) the location in the energy spectrum of the largest superradiant state
is shown as a function of the number of spirals. The energy of the largest superradiant
state is indicated by an integer, where one means that the superradiant state is in
the ground state, two that it is in the first excited state, etc. As one can see for all
microtubule segments with number of spirals > 12, the superradiant state is in the
ground state. The large decay width of the superradiant ground state indicates that
such structures could be able to absorb photons ultra-efficiently. Indeed, the decay
width of the ground state of the microtubule is in this case almost 600 times larger than
the single molecule decay width, corresponding to a value of roughly 1.64 cm−1. This
translates to an absorbing time scale of ~/Γ ≈ 3.2 ps, which is very fast and comparable
with the typical thermal relaxation times for biological structures [51], suggesting that
non-equilibrium processes might be relevant in this regime.
The existence of a superradiant ground state is surprising considering that the
positions and orientations of the dipoles may look quite disordered at first sight, as
shown in Fig. (1b). It is well known that interactions between molecules can destroy
superradiance [36] unless dipole orientations have a certain degree of symmetry. The
orientations of the Trp dipoles in the microtubule are far from being random, and their
symmetry plays an important role. To show this we consider two additional models
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Figure 4. Superradiant and subradiant excitonic states in a microtubule.
The probability P (x, y, z) = |ψ|2 of finding the exciton on a tryptophan chromophore
of a microtubule segment of 100 spirals is shown for the extended superradiant ground
state (upper panels, lateral view (left) and in cross section (right)) and the most
subradiant state (lower panels, lateral view (left) and in cross section (right)), which
has the smallest decay width (Γ/γ ' 10−8) and an energy in the middle of the spectrum
(E − e0 = 2.1 cm−1). Lengths on each axis are expressed in nanometers.
where the positions of the dipoles are the same as in the realistic case but with their
orientations randomized. First we consider the case where the orientations of the dipoles
are fully randomized over the whole microtubule length. In such a case the superradiance
is completely suppressed, as shown in Fig. (2e). Note also that in Fig. (2e) the decay
widths are distributed over many states, in contrast to the case of the native orientations
of the dipoles, where most of the decay width of the system is concentrated in the ground
state. The maximum value of the decay width for randomized dipoles in 100 spirals is
much smaller than that of the superradiant ground state shown in Fig. (2c), and even
smaller than some decay widths shown in Fig. (2a) for one spiral. One might also think
that the emergence of a superradiant ground state is connected with the fact that the
same dipole geometry is repeated over all the spirals. To show that this is not the case,
we considered a second random model with random orientations of dipoles on a single
spiral repeated over all other spirals. For this partial random model we still do not
achieve a superradiant ground state, as shown in Fig. (2f).
In order to understand how the superradiant decay width increases with the system
size, in Fig. (3) the maximum decay width is plotted as a function of the length of the
microtubule segment. Note that the decay width increases with the system size, but
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saturation occurs when the length of the microtubule is larger than λ, the wavelength
associated with absorption by the transient dipoles.
Such a large decay width of the superradiant ground state indicates that the
excitation in the ground state is extended over many Trp molecules. In the upper panels
of Fig. (4), the probability of finding the excitation on each Trp molecule (see Eq. (6)) is
shown when the system of 100 spirals is in its ground state. One can see that the ground
state represents a fully extended excitonic state over the whole microtubule segment,
and thus it could be capable of supporting ultra-efficient transport of photoexcitation.
Note that the superradiant ground state is the state which is most strongly coupled to
the electromagnetic field (highest decay width), and thus the fact that it represents an
extended state implies that the absorbed photon will be shared by many tryptophan
molecules in a coherent way, at least up to the dephasing time. In the lower panels
of Fig. (4), we also show for comparison the most subradiant state for a microtubule
of 100 spirals. Note that in this case the excitation probability is concentrated on the
chromophores of the inner wall of the microtubule lumen, contrary to the superradiant
state where the excitation probability is delocalized on the chromophores of the external
wall that forms an interface with the cytoplasm.
3.1. Structure of the superradiant ground state, super and subtransfer processes
In order to understand the structure of the superradiant ground state of a large
microtubule segment, we now project the ground state of the whole structure |ψgs〉
not on the site basis as we did in Fig. (4), but instead onto alternative basis states:
a basis |φm〉 made of the eigenstates of a group of 13 coupled spirals. The idea is to
take a microtubule segment which we can divide in multiples of 13 spirals and analyze
which eigenstates of a block of 13 spirals contribute to form the superradiant ground
state of the whole microtubule. Note that 13 is the minimum number of spirals we
need to have a superradiant ground state (see Fig. (2d)) and each block is made of
nB = 104× 13 = 1352 states. If we call |ψsq〉 the eigenstate q of the s block of 13 spirals,
then the basis state |ψm〉 = |ψsq〉 for (s− 1)nB < m ≤ snB while |ψm〉 = 0 for m > snB
or m ≤ (s − 1)nB. In the upper panel of Fig. (5), the first 13 × 104 = 1352 states
correspond to the eigenstates of the first 13 coupled spirals, the second 13× 104 states
correspond to the eigenstates of the coupled spirals from 14 to 26, and so on. As one
can see from Fig. (5), the components of the ground state over the 13 coupled spirals
eigenstates are mainly concentrated in the ground states of each block of 13 coupled
spirals (see also inset of Fig. (5) upper panel). The result in Fig. (5) clearly shows that
the ground state of the whole structure mainly consists of a superposition of ground
states of smaller blocks of spirals. This non-trivial result arises from the symmetry of
the systems, see discussion in Ref. [37]. A very interesting consequence of this is that the
total ground state emerges from coupling between the ground states of smaller blocks.
Such coupling is of a supertransfer kind as we show below.
The supertransfer coupling [4] between the ground states of smaller blocks originates
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from the interaction of the giant dipole moments associated with the superradiant
ground states of each block of 13 spirals. Indeed, the ground state of a block of 13
coupled spirals has a decay rate which is ∼ 235 times larger than the single molecule
decay rate. In order to prove the previous statement, let us compute the coupling
between the eigenstates of two blocks of 13 coupled spirals, say block 1 and block 2.
We will compute the coupling as a function of the distance between the two blocks,
assuming the blocks are translated along the principal cylinder axis. Let us indicate the
two corresponding qth eigenstates of the two blocks as
|ψs,q〉 =
∑
k
Cs,qk |k〉,
where the states |k〉 represent the site basis of a block and s = 1, 2. The coupling
between two single block eigenstates can be written as
V q12 = 〈ψ1,q|V |ψ2,q〉 =
∑
k,k′
(C1,qk )
∗C2,qk′ Vk,k′ . (8)
Note that 〈ψ1,q| is not the complex conjugate of |ψ2,q〉 but the transpose of it, as we
explain in Section 2. Using Eqs. (1),(4), and (5), we have that Vk,k′ = ∆k,k′− iΓk,k′/2 =
f(rk,k′)~µk ·~µk′ +g(rk,k′)(~µk · rˆk,k′)(~µk′ · rˆk,k′), where the functions f, g can be derived from
Eqs. (1),(4), and (5). When the distance between two blocks is much larger than their
diameter we can approximate rk,k′ ≈ R12 where R12 is the distance between the centers
of the two blocks. Eq. (8) then becomes
V q12 =
∑
k,k′
(C1,qk )
∗C2,qk′
[
f(R12)~µk · ~µk′ + g(R12)(~µk · Rˆ12)(~µk′ · Rˆ12)
]
, (9)
where ~µk is the dipole moment of the k molecule. The above expression can be re-
written in terms of the dipole strength of the eigenstates. The transition dipole moment
~Dq associated with the qth eigenstate can be defined as follows:
~Dq =
N∑
i=1
Cq,i ~µi. (10)
The dipole coupling strength (often referred to as simply the dipole strength) of the
qth eigenstate is defined by | ~Dq|2 (note that due to normalization
∑N
n=1
∣∣∣ ~Dq∣∣∣2 = N).
Under the approximation that the imaginary part of the Hamiltonian (1) can be treated
as a perturbation and L/λ  1 we have | ~Dq|2 ≈ Γq/γ (see Appendix B). Thus, using
Eq. (10), Eq. (9) can be re-written as
V q12 =
[
f(R12)| ~Dq|2 + g(R12)( ~Dq · Rˆ12)( ~D∗q · Rˆ12)
]
. (11)
As a result for the coupling between the ground states of blocks of 13 spirals, we
obtain V gs12 ∝ |Dgs|2 ≈ Γgs/γ ≈ 235, Γgs/γ is the decay with of the ground state of 13
spirals (note that we can use the |Dgs|2 ≈ Γgs/γ approximation since for a block of 13
spirals we have L/λ ≈ 0.4). The above expression represents the interaction between
the giant dipoles of the ground states of each block. Therefore, states with a large dipole
On the existence of superradiant excitonic states in microtubules 14
-2704-1352 0 1352 2704 4056 5408 6760 8112 9464
m 
0
0.05
0.1
0.15
0.2
0.25
P g
s(m
)
100 101 102
d/λ
10-9
10-6
10-3
100
co
u
pl
in
g 
[cm
-
1 ]
0 2 4 6 8
m
0
0.005
0.01
P g
s(m
)
Supertransfer
Subtransfer
Figure 5.
Upper panel: Projection of the ground state |ψgs〉 of a microtubule segment of 91 spirals
over the basis states |φm〉 built from the eigenstates of blocks of 13 spirals within the
segment (see text). The basis states, indexed by m, are ordered from low to high
energy in each block (13 × 104 = 1352 states). The projection has been computed
as Pgs(m) = |〈φm|ψgs〉|2/
∑
m |〈φm|ψgs〉|2. The inset, zooming in on the first nine
eigenstates of the first block, confirms that the ground state of the whole microtubule
segment can be viewed as a coherent superposition of the ground states of the smaller
blocks of spirals. Lower panel: Coupling between the superradiant ground states of
two blocks of 13 spirals (blue circles) is compared with the average pairwise coupling
between the chromophores of each block (red squares) and the most subradiant states
of the two blocks (green triangles). The couplings are plotted versus the distance d/λ
(normalized by the excitation wavelength λ = 280 nm) between the centers of the two
blocks. When two blocks are immediate neighbors, the center-to-center distance is
d ≈ 116 nm. The supertransfer interaction between the giant dipoles of the ground
states of the two blocks (see Eq. (11)), valid for large inter-block distances d, is shown
as a blue dashed curve.
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strength will have a supertransfer coupling proportional to the dipole strength of the
eigenstates. Note that the coupling between eigenstates with a small dipole strength can
give rise to a subtransfer effect, which has been shown in Ref. [37]. In the lower panel
of Fig. (5), the coupling between the ground states with a large dipole strength (blue
circles) and between the most excited states with a very small dipole strength (green
triangles) of two blocks of 13 spirals is compared with the average coupling between the
molecules of each block (red squares). Note that the ground state of a block of 13 spirals
is the most superradiant state with Γ/γ ≈ 235, while the highest-energy state is the
most subradiant with the lowest decay width Γ/γ ≈ 10−6 for a block of 13 spirals. The
couplings are shown as a function of the center-to-center distance between the two blocks
normalized by the wavelength connected with the optical transition. One can see that
the coupling between the ground states is significantly larger than the average coupling
between the molecules. Moreover, for large center-to-center distances d, the coupling
between the ground states is well-approximated by Eq. (11) (see blue dashed curve),
thus proving the existence of a supertransfer effect. On the other hand, the coupling
between the most excited states of the two blocks is much smaller than the average
coupling between the molecules, showing a subtransfer effect. The above results suggest
that the dynamics will be very dependent on the initial conditions and will exhibit
at least two distinct timescales due to the presence of supertransfer and subtransfer
processes. In the next section, we will show how the cooperativity-enhanced coupling
between the ground states of blocks of spirals can boost photoexcitation transport.
4. Transport of photoexcitations via supertransfer
In this section we consider the spreading velocity of an initial excitation concentrated
in the middle of a microtubule made of 99 spirals, with a total length of about 800
nm. The spreading of the initial excitation has been measured by the root-mean-square
deviation (RMSD) of the excitation along the longitudinal axis of the microtubule.
Given that the initial state of the system is described by the wavefunction |ψ(0)〉, the
average position of the excitation on the axis of the microtubule can be computed
with Q(t) =
∑
k |〈k|ψ(t)〉|2zk, where zk is the position of the k-th molecule on the
longitudinal axis and |ψ(t)〉 is the wavefunction at time t. Thus the variance as a
function of time can be computed with σ2(t) =
∑
k |〈k|ψ(t)〉|2z2k − Q(t)2, from which
follows RMSD(t) =
√
σ2(t).
We have chosen different initial conditions to show the effect of cooperativity on the
spreading of the excitation: (i) an initial excitation concentrated on a single randomly
selected site of the central spiral; and (ii) an initial excitation concentrated in the ground
state of the central block of 5, 13, or 21 spirals. As displayed in Fig. (6), the spreading
of the initial wave packet is always ballistic (RMSD(t) ∝ t) so that we can define a
velocity of spreading V as the linear slope. Note that V increases as we increase the
number of spirals over which the initial excitation is spread and then saturates when
the number of spirals becomes large. Indeed from Fig. (6) we can see that the spreading
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Figure 6.
Root-mean-square deviation (RMSD) as a function of time for an initial excitation
concentrated in the middle of a microtubule comprised of 99 spirals with a total length
of about 810 nm. Left panel: The case of an initial excitation concentrated on a single
site of the central spiral (black circles) is compared with an excitation located on the
ground state of the central five (empty green squares), 13 (orange crosses), and 21
(blue stars) spirals. For comparison, the spreading expected from the strength of the
nearest-neighbor coupling is also shown (black dashed line) and described in the text.
The equilibrium value for an excitation equally distributed over all the tryptophans
of the microtubule is shown as a red horizontal line. The spreading velocity of an
excitation starting from a single site is about two times faster than the spreading
associated with the amplitude of the nearest-neighbor coupling (NN velocity), while
the spreading velocity of an excitation which starts in the ground state of more than
13 spirals is about ten times faster than the NN velocity. Right panel: Here the case
of an initial excitation concentrated on a single site of the central spiral is considered
for three different models - the realistic model (black circles and same data as in the
left panel), the fully random model where all the dipoles are randomly oriented (filled
green squares), and the partial random model where the dipoles are oriented at random
but repeated in the same configuration for all spirals (blue crosses).
velocity is the same when the initial state coincides with the ground state of 13 or 21
central spirals. When the excitation starts from the ground state of 21 central spirals,
V is more than five times the velocity of an excitation concentrated on a single site.
Such an effect is due to supertransfer coupling between the ground states of blocks of
spirals, and as a consequence of the fact that the ground states of the central spirals
have a large overlap with the extended superradiant ground state, as shown in Fig. (5).
For comparison we also estimated the spreading velocity of an excitation which can
be expected based on the typical nearest-neighbor coupling present in the system. In
the Trp case the typical nearest-neighbor coupling is J ≈ 50 cm−1, so that the time
needed for the excitation to move by one Trp can be estimated as τ = 1/(4picJ) ≈ 0.053
ps, where the light velocity is c ≈ 0.03 cm/ps. This can be derived from the period of
oscillation between two sites at resonance, which is given by T = ~/J ′ = hc/(2picJ ′),
and τ = T/2 (note that J = J ′/(hc) is the coupling in cm−1 as measured in this paper).
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The average distance between Trps projected along the main axis of the microtubule
can be evaluated from d = 810 nm/10400 = 0.078 nm. We thus obtain a velocity
VNN = d/τ ≈ 1.47 nm/ps, which is shown by the black dashed line in Fig. (6). Note
that VNN is about two times smaller than the spreading velocity starting from a single
site. This is probably due to the fact that the long-range interactions between the sites
favor the spreading of the excitation (see Section 5). Most importantly, VNN is about
ten times smaller then the spreading velocity of a delocalized excitation obtained by
setting the initial state equal to the ground state of 13 or more central spirals.
For large times, the RMSD reaches a stationary value that assumes the excitation
becomes equally distributed on all Trps of the microtubule. We can compute such a
stationary value of the RMSD from the positions of the Trps, by setting Q =
∑
k zk/N
and σ2 =
∑
k z
2
k/N −Q
2
, so that RMSD =
√
σ2. For a microtubule made of 99 spirals
we obtain RMSD ≈ 228 nm. This value is shown in Fig. (6) as a horizontal red line,
and it agrees very well with the numerical results.
We would like to emphasize that a photon is likely to be absorbed by the ground
state of a block of spirals, since the ground state is the state which is most strongly
coupled to the electromagnetic field (i.e., it has the highest decay width and absorption
rate). For this reason an initial excitation coinciding with the ground state of a block of
spirals is well motivated, and the fact that its spreading is enhanced can have important
consequences for photoexcitation transport.
Finally, in order to emphasize the role of symmetry in the transport properties of
the system, in the right panel of Fig. (6) we show the spreading of an initial excitation
starting from a single site on the central spiral for the realistic model considered before
(black circles in both left and right panels represent the same data), for the fully random
model, and for the partial random model. In both the latter models, the positions of
the dipoles are kept fixed with respect to the realistic model, but the orientation of
their dipoles has been randomized. Note that in the fully random model the dipole
directions have been randomized along the entire microtubule length, whereas for the
partial random model we have randomized the dipole orientations in one spiral and
then repeated this configuration in all other spirals. For the partial random model,
the excitation spreads over the whole microtubule segment with a smaller velocity than
the realistic model, while for the fully random model the spreading is extremely slow
and remains well below the value (see horizontal red line) of an equally distributed
excitation during the whole simulation time. The above results show the relevance of
native symmetry in excitonic energy transport through the microtubule.
5. Robustness to disorder and the role of long-range interactions
In order to study the robustness to disorder of the superradiant ground state, we have
analyzed the system in the presence of static disorder, i.e., time-independent and space-
dependent fluctuations of the excitation energies of the tryptophans comprising the
microtubule chromophoric lattice. Specifically we consider that the excitation energies of
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the tryptophans are uniformly distributed around the initial value e0, between e0−W/2
and e0 +W/2, so that W represents the strength of the static disorder. It is well known
that static disorder induces localization of the eigenstates of a system, a phenomenon
known as Anderson localization [52]. Due to such localization, for each eigenstate the
probability of finding the excitation is concentrated on very few sites for large disorder,
and only on one site for extremely large disorder. Note that Anderson localization
usually occurs in the presence of short-range interactions, but in our model there are
multiple contributions from a complicated power law for the interaction (see Eq. (4)),
so that the results of our analysis are not obvious.
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Figure 7. Normalized decay width of the superradiant state is plotted vs. the strength
of static disorder W for a microtubule segment of different lengths.
In order to study the robustness of superradiance to disorder, we plot in Fig. (7) the
maximum normalized decay width ΓSR/γ as a function of the disorder strength W , using
the full realistic non-Hermitian Hamiltonian given in Eq. (1) for different microtubule
sizes. Note that the most superradiant state (i.e., largest decay width) coincides with
the ground state of the microtubule for sizes larger than 12 spirals. One can see that the
disorder at which the width of the superradiant state starts to decrease is independent
of the system size (within the system sizes considered in our simulations). This is quite
surprising for quasi-one dimensional structures, which usually exhibit a critical disorder
that decreases as the system size grows [53]. Indeed, for short-range interactions in
quasi-one dimensional structures, the critical static disorder strength Wcr needed to
localize the system goes to zero as the system size goes to infinity, with Wcr ∝ J/
√
N .
In order to understand how the above results could be explained by the effective
range of the interaction, we have compared our realistic model which contains long-
range interactions with the same model where the long-range interactions have been
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Figure 8. Participation ratio (PR) of the ground state for a microtubule of different
lengths is shown vs. the strength of static disorder W , averaged over ten realizations of
disorder for each system length. The upper panel presents the results of the full model,
where the interaction between the tryptophans has a long-range nature (see Eq. (1)).
However, note that only the Hermitian part of the Hamiltonian in Eq. (1) has been
used to obtain the data shown in both panels of this figure. In the lower panel, the
PR of the ground state for a microtubule of different lengths is shown vs. the strength
of static disorder W for the case of short-range interactions only, considering only the
couplings between tryptophans with a center-to-center separation smaller then 2 nm.
suppressed. Specifically the short-range model has been obtained by considering only the
interactions between Trps with a center-to-center separation less than 2 nm. In order to
perform such a comparison, only the Hermitian part of the realistic model Hamiltonian
given in Eq. (1) has been taken into account. We considered only the Hermitian part of
the Hamiltonian because it constitutes a good approximation of the whole Hamiltonian
(see discussion in Appendix B) and, most importantly, allows for comparison of different
ranges of interaction. Indeed, in the full non-Hermitian model we cannot change the
range of the interaction without introducing inconsistencies (i.e., negative decay widths).
Below we will show that the results thus obtained are consistent with the analysis of
the whole Hamiltonian given in Fig. (7), where the full non-Hermitian Hamiltonian has
been considered.
We analyzed the effect of disorder for the two different models (long range and
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short range) through the participation ratio (PR)
PR =
〈∑
i
|〈qi|ψ〉|2
/∑
i
|〈qi|ψ〉|4
〉
(12)
of the eigenstates |ψ〉 of the system, where the large outer brackets, 〈. . .〉, stand for the
ensemble average over different realizations of the static disorder. The PR is widely used
to characterize localization properties [54], and it satisfies the bounds 1 ≤ PR ≤ N . For
extended states, it increases proportionally to the system size N , while, for localized
states, it is independent of N .
In order to study the effect of static disorder, we have analyzed the PR of the
ground state as a function of the disorder strength W in Fig. (8). As shown in the
upper panel of Fig. (8), where the long-range model is analyzed, the critical disorder at
which the PR starts to decrease appears to be independent of the microtubule length.
The critical disorder obtained in this case is consistent with the analysis of the critical
disorder needed to quench superradiance as shown in Fig. (7). The response of the
system to disorder is completely different for the short-range model. The robustness to
disorder of the ground state of such a model is shown in the lower panel of Fig. (8). As
one can see, the critical disorder decreases with the system size in this case, as would be
expected for quasi-one dimensional systems with short-range interactions. The difference
between the two panels of Fig. (8) shows that the long-range nature and symmetry of
the interactions play a very significant role in enhancing the robustness of excitonic
states in microtubules to disorder. However, we note that robustness to disorder could
also be connected to supertransfer, and not only to the long range of the interaction.
For further details see the discussion in Ref. [37] and in Appendix C.
6. Conclusions and perspectives
We have analyzed the excitonic response of microtubules induced by the coupling of
tryptophan molecules, which are the most strongly photoactive molecules in the spiral-
cylindrical lattice. The positions and orientations of the dipoles of the tryptophan
molecules have been obtained in previous works by molecular dynamics simulations and
quantum chemistry calculations and have closely reproduced experimental spectra for
the tubulin heterodimeric protein [26]. Analyzing the properties of a microtubule of
length L ∼ 800 nm, which is larger than the wavelength of the excitation transition
(L > λ = 280 nm), requires an approach that goes beyond the transition dipole-dipole
couplings alone. This is why we take into consideration radiative interactions containing
non-Hermitian terms.
Our analysis has shown that the coupling between tryotophan molecules is able
to create a superradiant ground state, similar to the physical behavior of several
photosynthetic antenna systems. Such a superradiant ground state, which absorbs in
the UV spectral range, has been shown to be a coherent excitonic state extended over
the whole microtubule lattice of tryptophan molecules. Interestingly, the superradiant
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ground state appears to be delocalized on the exterior wall of the microtubule, which
interfaces with the cytoplasm, suggesting the possibility that these extended but short-
lived (few picosecond) excitonic states may be involved in communication with cellular
proteins that bind to microtubules in order to carry out their functions. At the same
time, we have shown that long-lived (hundreds of milliseconds) subradiant states can
be concentrated on the inner wall of the microtubule lumen, potentially maintaining
excitonic transfer processes across the cytoskeletal network in a more “protected”
thermodynamic milieu. These subradiant states could be particularly important in
the synchronization of neuronal processes in the brain, where microtubules can extend
to the micron scale and beyond.
Our analysis may have further biological implications. In a series of studies spanning
a period of almost a quarter century, G. Albrecht-Buehler observed that living cells
possess a spatial orientation mechanism located in the centrosome [35, 55, 56, 57].
The centrosome is formed from an intricate arrangement of microtubules in two
perpendicular sets of nine triplets (called centrioles). This arrangement provides the cell
with a primitive “eye” that allows it to locate the position of other cells within a two-to-
three-degree accuracy in the azimuthal plane and with respect to the axis perpendicular
to it [57]. While Albrecht-Buehler proposed that centrosomes are infrared detectors, it
is still a mystery how the reception of electromagnetic radiation is accomplished by the
centrosome. Superradiant behavior in these microtubule aggregates may play a role.
Moreover, we have shown that the superradiant ground state of the whole
microtubule arises through a supertransfer coupling between the ground states of smaller
blocks of spirals within the microtubule. For this reason, microtubule superradiance
is essentially an emergent property of the whole system that develops as “giant
dipole” strengths of superradiant ground states of constituent blocks interact to form
a delocalized coherent state on the entire structure. This is a hallmark of self-similar
behavior, in the sense that subunit blocks of spirals exhibit superradiant characteristics
that recapitulate roughly what is seen in the whole. Only by considering the entire
structure (or at least a substantial fraction of the spirals) do we uncover cooperative
and dynamical features of the system that would otherwise fail to be captured in more
reductionist models. Supertransfer coupling between excitonic states of different blocks
of spirals in the microtubule segment is critical to the manifestation of these cooperative
behaviors and explains the calculated couplings to excellent agreement.
Such supertransfer coupling is able to enhance the spreading of photoexcitation
inside the microtubule. The spreading of photoexcitation is ballistic, despite the fact
that the native dipole orientations of the tryptophan molecules are not fully symmetric
even in the absence of static disorder (see Fig. (1b)). The spreading velocity is strongly
dependent on the initial conditions, and, due to supertransfer, it can be about ten
times faster than the velocity expected from the amplitude of the nearest-neighbor
coupling between the tryptophan molecules in such structures. These results show that
the characteristic supertransfer processes analyzed in photosynthetic antenna complexes
may also be present in microtubules.
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Finally, we have analyzed the robustness of microtubule superradiance to static
disorder. We have shown that the symmetry and long-range nature of the interactions
give an enhanced robustness to such structures with a critical disorder which appears
to be independent of the system size (up to the system sizes analyzed in this paper).
This is at variance with what usually happens in quasi-one dimensional structures with
short-range interactions, where the critical disorder Wcr goes to zero as the system size
grows. Indeed, for quasi-one dimensional systems with short-range interactions only, we
have Wcr ∝ J/
√
N , where J is the nearest-neighbor coupling and N is the number of
chromophore sites. The critical disorder at which superradiance and the delocalization
of the ground state are precipitously affected is found to be on the order of 10 cm−1
(see Fig. (8a)). Such a value of disorder is not extremely large, as natural disorder
can be on the order of kT , ranging from 50 cm−1 to 300 cm−1. Still, such critical
disorder is much larger than the critical disorder expected from the typical nearest-
neighbor coupling between tryptophan molecules. Indeed, for a microtubule of ∼ 800
nm with only nearest-neighbor interactions containing N ' 104 molecules, one would
obtain a critical disorder of about 10−1 cm−1 (corresponding to 50 cm−1/
√
N), two
orders of magnitude smaller than what we have found. Such enhanced robustness to
static disorder as a result of long-range interactions and symmetry can greatly increase
diffusion lengths and thereby support ultra-efficient photoexcitation transport.
To refine our studies, future work should certainly include consideration of the
other photoactive amino acids present in microtubules and the effects of thermal
relaxation on coherent energy transport. The significance of photoexcitation transport in
microtubules is an open question in the biophysics community, and further experimental
and theoretical works are needed to establish the precise mechanisms of their optical
functionality. Our results point towards a possible role of superradiant and supertransfer
processes in microtubules. Both cooperative effects are able to induce ultra-efficient
photoexcitation absorption and could serve to enhance energy transport over long
distances under natural conditions. We hope that our results will inspire further
experimental studies on microtubules to gather evidence for UV superradiance in such
important biological structures.
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Appendix A. Microtubule tryptophan dipole positions and orientations
The tubulin α-β heterodimer structure was obtained by repairing the protein data
bank (PDB: www.rcsb.org) [58] structure 1JFF [59] by adding missing residues from
1TUB [60] after aligning 1TUB to 1JFF. This initial repaired dimer structure was
oriented by itself alone such that the (would-be) protofilament direction aligned with
the x-axis, the normal to the (would-be) outer microtubule surface aligned with the
y-axis, and the direction of (would-be) lateral contacts aligned with the z-axis, before
subsequent translation and rotation. A single spiral of 13 tubulin dimers was generated
by translating each dimer 11.2 nanometers (nm) in the y-direction, then successively
rotating the resulting dimer structure by multiples of -27.69◦ in the y-z plane about
the origin around the x-axis, and successively shifting each dimer by multiples of 0.9
nanometers in the x-direction. This resulted in a left-handed helical-spiral structure with
a circular radius of 22.4 nm passing through the center of each dimer in the B-lattice
microtubule geometry described by Li et al. [61] and Sept et al. [62]. The orientation
of the 1La excited state of each tryptophan molecule in the resulting structure was
taken as 46.2◦ above the axis joining the midpoint between the CD2 and CE2 carbons
of tryptophan and carbon CD1, in the plane of the indole ring (i.e., towards nitrogen
NE1). The Cartesian positions and unit vector directions of the 104 tryptophans of the
first spiral are given in Table A1 below. To generate successive spirals, the initial spiral
coordinates were translated along the x (i.e., protofilament) direction by multiples of 8
nm. Modeling was done with PyMOL 1.8.6.2 [63].
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Table A1. First Spiral Dipole Positions (A˚) and Unit Vectors.
x y z µˆx µˆy µˆz
-2.378 103.218 14.720 -0.70114 0.66510 -0.25699
-13.691 123.899 7.109 0.65456 -0.70298 -0.27816
13.384 124.916 -9.487 -0.53855 -0.00510 -0.84258
-28.566 122.415 5.686 -0.18573 -0.21751 -0.95822
6.622 97.563 -31.783 -0.70125 0.46922 -0.53674
-4.691 112.339 -48.133 0.65455 -0.75173 0.08039
22.384 105.527 -63.300 -0.53854 -0.39597 -0.74376
-19.566 110.363 -48.703 -0.18568 -0.63815 -0.74718
15.622 70.946 -70.331 -0.70134 0.16574 -0.69329
4.309 76.431 -91.675 0.65456 -0.62818 0.42064
31.384 63.350 -101.939 -0.53842 -0.69643 -0.47443
-10.566 74.417 -91.261 -0.18563 -0.91228 -0.36509
24.622 29.463 -92.094 -0.70142 -0.17512 -0.69090
13.309 24.401 -113.542 0.65455 -0.36084 0.66435
40.384 8.049 -116.552 -0.53845 -0.83715 -0.09615
-1.566 22.810 -112.239 -0.18584 -0.97746 0.10022
33.622 -17.382 -92.086 -0.70121 -0.47630 -0.53052
22.309 -31.831 -108.725 0.65455 -0.01098 0.75594
49.384 -47.710 -103.791 -0.53840 -0.78605 0.30374
7.435 -32.636 -106.832 -0.18561 -0.81878 0.54327
42.622 -58.858 -70.309 -0.70112 -0.66844 -0.24825
31.309 -79.384 -78.327 0.65455 0.34193 0.67427
58.384 -91.151 -66.579 -0.53840 -0.55461 0.63445
16.435 -79.217 -76.278 -0.18581 -0.47252 0.86151
51.622 -85.462 -31.752 -0.70143 -0.70694 0.09067
40.309 -107.363 -29.312 0.65456 0.61602 0.43825
67.384 -112.323 -13.442 -0.53847 -0.19691 0.81932
25.435 -106.263 -27.576 -0.18598 -0.01812 0.98239
60.622 -91.101 14.753 -0.70119 -0.58426 0.40863
49.309 -109.360 27.091 0.65454 0.74918 0.10153
76.384 -106.376 43.448 -0.53846 0.20679 0.81688
34.435 -107.578 28.118 -0.18579 0.44042 0.87836
69.622 -74.482 58.551 -0.70122 -0.32715 0.63346
58.309 -84.916 77.961 0.65457 0.71067 -0.25784
85.384 -74.672 91.058 -0.53850 0.56268 0.62723
43.435 -82.861 78.042 -0.18566 0.79824 0.57301
78.622 -39.413 89.609 -0.70101 0.00458 0.71313
67.309 -39.631 111.644 0.65460 0.50989 -0.55814
94.384 -24.474 118.481 -0.53846 0.78961 0.29424
52.435 -37.774 110.761 -0.18583 0.97305 0.13653
87.622 6.073 100.812 -0.70134 0.33563 0.62887
76.309 16.121 120.425 0.65458 0.19139 -0.73137
103.384 32.718 119.434 -0.53849 0.83584 -0.10678
61.435 17.355 118.780 -0.18556 0.92497 -0.33168
96.622 51.555 89.594 -0.70137 0.58928 0.40104
85.309 69.566 102.291 0.65456 -0.17071 -0.73649
112.384 83.802 93.700 -0.53847 0.69044 -0.48305
70.435 69.894 100.261 -0.18584 0.66506 -0.72330
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Table A1. First Spiral Dipole Positions (A˚) and Unit Vectors. (cont.)
x y z µˆx µˆy µˆz
105.622 86.614 58.524 -0.70131 0.70820 0.08138
94.309 108.463 61.397 0.65456 -0.49312 -0.57304
121.384 117.076 47.174 -0.53852 0.38715 -0.74841
79.435 107.810 59.447 -0.18562 0.25246 -0.94964
39.057 102.384 14.619 -0.01722 -0.52500 0.85093
53.331 124.899 -8.386 -0.68314 0.49202 -0.53967
36.453 121.233 -4.011 0.98886 0.14794 0.01663
12.616 122.434 5.625 -0.19086 -0.22402 -0.95571
48.057 96.778 -31.485 -0.01690 -0.06907 0.99747
62.331 106.023 -62.318 -0.68315 0.18496 -0.70647
45.453 104.810 -56.739 0.98882 0.13886 -0.05437
21.616 110.352 -48.767 -0.19062 -0.64262 -0.74210
57.057 70.389 -69.702 -0.01692 0.40217 0.91541
71.331 64.247 -101.300 -0.68315 -0.16473 -0.71146
54.453 65.765 -95.796 0.98882 0.09792 -0.11249
30.616 74.376 -91.313 -0.19047 -0.91372 -0.35893
66.057 29.262 -91.278 -0.01730 0.78143 0.62376
80.331 9.139 -116.402 -0.68314 -0.47649 -0.55342
63.453 13.041 -112.235 0.98885 0.03427 -0.14494
39.616 22.750 -112.267 -0.19077 -0.97579 0.10698
75.057 -17.181 -91.270 -0.01707 0.98186 0.18883
89.331 -46.675 -104.165 -0.68312 -0.67918 -0.26845
72.453 -41.283 -102.288 0.98885 -0.03702 -0.14422
48.616 -32.701 -106.829 -0.19059 -0.81421 0.54839
84.057 -58.300 -69.680 -0.01707 0.95720 -0.28891
98.331 -90.408 -67.392 -0.68309 -0.72612 0.07834
81.453 -84.762 -68.236 0.98889 -0.09973 -0.11025
57.616 -79.273 -76.244 -0.19047 -0.46622 0.86392
93.057 -84.676 -31.454 -0.01721 0.71339 -0.70055
107.331 -112.043 -14.506 -0.68310 -0.60669 0.40658
90.453 -107.435 -17.878 0.98881 -0.14001 -0.05160
66.616 -106.297 -27.520 -0.19064 -0.01155 0.98159
102.057 -90.266 14.651 -0.01706 0.30598 -0.95189
116.331 -106.622 42.375 -0.68316 -0.34862 0.64168
99.453 -104.109 37.249 0.98880 -0.14800 0.01935
75.616 -107.582 28.183 -0.19053 0.44582 0.87461
111.057 -73.790 58.073 -0.01708 -0.17142 -0.98505
125.331 -75.389 90.223 -0.68311 -0.00997 0.73025
108.453 -75.546 84.516 0.98884 -0.12178 0.08577
84.616 -82.834 78.102 -0.19055 0.80145 0.56689
120.057 -39.023 88.865 -0.01703 -0.60939 -0.79269
134.331 -25.497 118.074 -0.68314 0.33005 0.65145
117.453 -28.288 113.094 0.98888 -0.06776 0.13236
93.616 -37.723 110.802 -0.19064 0.97306 0.12964
129.057 6.073 99.971 -0.01707 -0.90805 -0.41851
143.331 31.624 119.550 -0.68313 0.59519 0.42318
126.453 26.838 116.437 0.98891 0.00153 0.14853
102.616 17.419 118.792 -0.19054 0.92188 -0.33738
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Table A1. First Spiral Dipole Positions (A˚) and Unit Vectors. (cont.)
x y z µˆx µˆy µˆz
138.057 51.164 88.850 -0.01732 -0.99853 0.05131
152.331 82.887 94.311 -0.68312 0.72371 0.09798
135.453 77.203 93.780 0.98888 0.07031 0.13106
111.616 69.956 100.242 -0.19074 0.65933 -0.72726
147.057 85.922 58.046 -0.01708 -0.86020 0.50968
161.331 116.549 48.140 -0.68314 0.68644 -0.24926
144.453 111.269 50.311 0.98885 0.12336 0.08342
120.616 107.856 59.401 -0.19053 0.24575 -0.95042
Appendix B. Comparison between dipole-dipole and radiative Hamiltonians
Here we compare the dipole-dipole Hamiltonian (Dipole model), which includes only
the Hermitian part of the coupling in Eq. (7), with the full radiative non-Hermitian
Hamiltonian given in Eqs. (1-5) (nH model). We will also include in our analysis the
Hermitian part of the full radiative non-Hermitian Hamiltonian (H model). For the
three models (Dipole, nH, and H) we compare both the real-valued energies and the
dipole coupling strengths of their eigenstates. We will show that, in the small volume
limit L/λ  1, both quantities can be computed with the three models, but when the
system size is larger than the wavelength, only the nH model can be used to compute the
dipole strengths of the eigenstates. However, the H model still gives a close estimation
to the nH model for the real energies in the large-volume limit, though the Dipole model
displays deviations from the nH model values.
In Figure B1, we compare the real part of the spectrum for the three models,
focusing on the eigenvalues close to the ground state. In the upper panel, we present a
microtubule made of only one spiral, so that L/λ  1. In this case the three models
all give very similar estimations of the eigenvalues. In the lower panel, the case of
a microtubule of 100 spirals is considered. In this case the system size is not small
compared with the wavelength, as L/λ ≈ 3. One can see that while the H model
is a very good approximation of the nH model, the Dipole model exhibits maximum
deviations of ∼ 1 cm−1 at and near the ground state.
When the system size is small compared to the wavelength associated with the
optical transition of the molecules, the optical absorption of an eigenstate of the
aggregate can be estimated in terms of its dipole strength, computed only from the
Hermitian part of the Hamiltonian (1). Denoting the nth eigenstate of the Hermitian
part of the Hamiltonian (1) or of the Hamiltonian with only Hermitian coupling in (7)
as |En〉, we can expand it in the site basis, so that
|En〉 =
N∑
i=1
Cni |i〉. (B.1)
Note that the site basis is referred to by the tryptophan molecules and is composed of
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the states |i〉, each of them carrying a dipole moment ~µi. If N is the total number of
molecules, then we will express the transition dipole moment ~Dn associated with the
nth eigenstate as follows:
~Dn =
N∑
i=1
Cni µˆi. (B.2)
The dipole coupling strength (often referred to as simply the dipole strength) of the
nth eigenstate is defined by | ~Dn|2 (note that due to normalization
∑N
n=1 | ~Dn|2 = N).
Under the approximation that L/λ  1 we have | ~Dn|2 ≈ Γn/γ, where Γn is given by
the imaginary part of the complex eigenvalues En = En − iΓn/2 of the nH model. On
the other hand, in the large-volume limit, the dipole as defined above in Eq. (B.2) gives
incorrect results and does not represent the dipole of the eigenstates. This is shown
in Figure B2, where the maximum dipole strength computed using the Dipole model
and the H model is compared with the maximum decay width Γmax/γ computed with
the full radiative nH model. As one can see, the dipole coupling strength computed as
described above is valid only for small system sizes.
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Figure B1. Lowest part of the spectrum (real-valued energies En vs. eigenstate index
n) for a microtubule of 1 spiral, L/λ  1, (upper panel) and 100 spirals, L/λ ≈ 3,
(lower panel) is shown for the three different models considered (see main text). In
the small-volume limit (upper panel), all three models give similar estimations of the
spectrum, but in the large-volume limit (lower panel) the Dipole model deviates from
the H and nH models, which are very close to each other.
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Figure B2. Maximum dipole coupling strength |Dmax|2 computed from Eq. (B.2) for
the Dipole and H models (see main text) is compared with the relative decay width
Γmax/γ computed from the full radiative nH model (see main text) as a function of
the system size L normalized by the excitation wavelength (λ = 280 nm).
Appendix C. Supertransfer and the energy gap in the complex plane
We would like to point out that supertransfer might also play an important role in
stimulating robustness to disorder. For instance, in Fig. (C1) we show the energy
differences in the complex plane between the ground state (which coincides with the
most superradiant state for a microtubule of more than 12 spirals) and the first excited
state. As one can see, the energy gap increases with the system size, instead of decreasing
as one would expect, for lengths up to the excitation wavelength. Such counterintuitive
behavior for the energy gap has analogously been found in photosynthetic complexes
by two of the authors of this paper [37], where it has been connected to the presence of
supertransfer. It is well known that such energy gaps can protect states from disorder,
but the precise consequences for robustness of this gap in cylindrical aggregates need to
be studied more carefully. We plan to do this in the future.
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Figure C1. Energy gaps in the complex plane between the ground state and the first
excited state. The gap is plotted as a function of the length of the microtubule segment
normalized by the wavelength of the excitation energy of the tryptophan chromophores
(λ = 280 nm).
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